THE RADIUS OF CONVEXITY OF NORMALIZED BESSEL 
FUNCTIONS OF THE FIRST KIND 



ARPAD BARICZ AND ROBERT SZASZ 



Abstract. In this paper we determine the radius of convexity for two kind 
of normalized Bessel functions of the first kind. In the mentioned cases the 
normalized Bessel functions are starlike-univalcnt and convex- univalent, re- 
spectively, on the determined disks. 



1. Introduction 

Let D(zo,'') — {z G C : \z — zq\ < r} denote the open disk centered in zq and 
of radius r > 0, and let A be the class of analytic functions defined in the open 
unit disk D = {z G C : |z| < 1} and having the property that /(O) = /'(O) — 1 = 0. 
Recall that a function f E A belongs to the class K, of convex functions if and only 
if the image domain /(D) is a convex domain in C, that is, the domain /(D) C C 
contains the entire line segment joining any pair of its points. It is well-known that 
the class of convex functions can be characterized as 

zf'izY 



feA 



Re 1 



/'(^) 



> 0, z e D 



Moreover, for a G [0, 1) we consider also the class of convex functions of order a 
defined by 

zf"{zy 



lC{a) = U eA 



Re 1 



> a, z G D 



Now let us consider the radius of convexity, and the radius of convexity of order a 
of the function / 



= (/) = sup<^rG(0,oo) 



Re 1 



and 



rlif) =sup<^r G (0, oo) 



Re 1 



zf'iz) 



>0, zGD(0,r) 



> a, zGD(0,r) 



We note that r'^(/) is in fact the largest radius for which the image domain /(D(0, r'^if))) 
is a convex domain in C. 

The Bessel function of the first kind of order v is defined by 

^ (-1)" /Z\2n+'' 

n>0 ^ ' 



2010 Mathematics Subject Classification. 33C10, 30C45. 

Key words and phrases. Bessel functions of the first kind; starlike and convex functions; radius 
of starlikeness; radius of convexity. 

1 



2 



ARPAD BARICZ AND ROBERT SZASZ 



In this paper we focus on the foUowing normaUzed forms 

Uiz) = (2^r(i. + 1) J.(z))^ = z - ^^^J^^^ z^ + . . . , ^ 0, 

= rn. + . . - ^ ^^^^-^1^.^ - . . . , 

where > — 1. Observe that fi,,gi, G ^. We also mention that 

Mz) = exp Log (2'^r(i/ + l)Mz))^ , 

where Log represents the principal branch of the logarithm, and in this paper every 
multi-valued function is taken with the principal branch. We also mention that 
the univalence, starlikeness and convexity of other functions involving the Bessel 
function of the first kind were studied extensively in several papers. We refer to 
[Ball iBi^ lBa3l iBKSl iBPl iBrl [KTl ISzl ISK] and to the references therein. 

In this paper we make a further contribution to the subject by showing the 
following new results. The next section contains some preliminary results, and the 
proofs of Theorems [T] and [2] can be found in section 3. 

Theorem 1. If i> > and a £ [0, 1), then the radius of convexity of order a of the 
function f^, is the smallest positive root of the equation 

J An \v J J An 

Moreover r'^{f^) < j'^i < iv.i, where j^^i and jl i denote the first positive zeros of 
J I, and J A respectively. 

Theorem 2. If v > —1 and a G [0, 1), then the radius of convexity of order a of 
the function is the smallest positive root of the equation 

(1.2) ^_^^r_J^^,Ar±^U^^^^ 

.U[r) - rJ^+i{r) 

Moreover, r^{gi,) < a^ i < j^ i, where a^,! is the first positive zero of the Dini 
function z i— > (1 — i^) J^(z) + zJl{z)- 



The real number 

r*(/) =sup<jr e (0,oo) 



R^tII^) >0, 2eD(0,r) 



is called the radius of starlikeness of the function / and it is the largest radius 
such that / (D(0,r*(/))) is a starlike domain with respect to 0. It is important to 
mention here that recently, the authors and Kupan [BKS| investigated the radius 
of starlikeness of the functions and g^, and showed that for > the radius of 
starlikeness of is Jl while for > — 1 the radius of starlikeness of g^, is a,y^i. 
The above results on radii of starlikeness of and g^, for v > were proved earlier 
by Brown |Brj . by using a different approach. For more details we refer to |BKS) . 
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2. Lemmas 

Lemma 1. //a > 6 > 0, z G C and A G [0, 1], then for all \z\ < b we have 



(2.1) ARe -Re 7 > A^^ - 

\a — z J \b — z J a — \z\ o— |; 

Proof. Let us consider the function u : [6, oo) M, defined by 

u{t) = Re 
Simple computations lead to 



t~zj t-\z\' 



tx — m 



u\t) ^ 



<^ — 2xt + m? t — 
2tm'^ — t^x — xm^ m 



where z = x -\-iy and \z\ = m. Since for t > we have 

, 2tm^ — x — xm^ m {m — x){t + urif' 

" - (t2 - 2xt + m2)2 + t2 _ 2xt + m2 " (^2 _ 2a;t + m2)2 > 

it follows that u is an increasing function, and consequently we get u{a) > u(b), 
which is equivalent to 

(2.2) Re(^]-^>Re^ ' ^ 



b- 

On the other hand, it is known (see [Szj ) that if 2; G C and /x G M such that n > \z\, 
then 

(2.3) > Re 

M - \z\ 

This in turn implies that 



/I — z 



A 



Re 



> Re 



and combining this with (|2.2p we get (|2.ip . □ 

Lemma 2. |Wa[ p. 482] If i' > —1 a77.rf a, 6 G R, i/ien z aJiy(z) + bzJKz) has 
all its zeros real, except the case when a/b+ v < 0. In this case it has two purely 
imaginary zeros beside the real roots. Moreover, if v > —1 and a, 6 G M such that 
^b"^ ^ 0, then no function of the type z H> aJ^iz) + bzJl{z) can have a repeated 
zero other than z = 0. 

Lemma 3. jWal p. 198] If v > —1, then for the Bessel functions of the third kind 
H^^^ and the following asymptotic expansions are valid 

\Trw J 

H^u\w) = (—\ ' e-'('"-^^-3-)(l + r;2..(u;)), 
where r^i^u{w) md r/2.i/(w) are 0{l/w) when \w\ is large. 
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Lemma 4. Let a^^n he the n-th positive root of the equation Ju{z) — zJ,j+i{z) — 0. 
If v > —1, then the following development holds 

gl{z) J^{z) - zJ^+i{z) a2 „ - z'^ ' 



Proof. Let us consider the integral 

1 /■ z wJ^+2iw) - 'iJiy+l{w) 



zni Jjj w(w — z) Jv\w) — wJi,+i(w) 

where U is the rectangle, whose vertices are ±o ± 6i, a > 0, 6 > and z is a point 
inside the rectangle U other than a zero of z i-^ Jiy{z) — zJ^+i(z). Suppose that 
inside of U there are m positive and m negative roots of z i— )■ Ju{z) — zJ^^i(z). 
Since (1 — v)J^{z) + zJl{z) = Ju[z) — zJ^+i{z), according to Lemma [5] the zeros 
of z H> Jv{z) — zJu^i{z) are simple and real. The point w = is an eliminable 
singularity. The only poles of the above integrand inside the rectangle are z, ±a^^i, 
±a^^2i ■ ■ ■ , ±ctiy,m- The residue at z is 

, s _ zJ^+2(g) - 3J,y+i(z) 
J^{z) - zJ„+i{z) 

while the residues at ±a^.„ are 



^i/,n(.^u.n ~F z) 

Here we used the recurrence relation 

zJ^(z) = -zJ^+i(z) + vJ^{z) 
for V and v + 1. The residue theorem implies that 

If z wJy+2(w) - 3Ji.+i(w) , 
' -dw 



27ri J]j w{w — z) Ju{w) — wJv+i{w) 
_ zJ^+2(z) - 3J^+i(z) 



Ji.(z) - zJ,.+i(z) Q!^,„(q;^,„ - z) au,n{0iu,n + z) 

_ zJu+2{z) - 3J„+i(z) ^ 2z 

J^(z) - Zj^+l(z) ^i^^.n-^^' 

In what follows we show that a and h can be replaced by suitable sequences which 
increase without limit and in the same time the expression ipu{w) remains bounded 
if w e U. Since the function w i-^ is an odd function of w, it is sufficient to 

consider the case Rew > 0. Now, we introduce the notations 

where, as in Lemma [31 for k G {0,1,2} and j G {1,2} the expression 'qk,j,u{w) is 
0(llw) when \w\ is large. The relation 2J^{w) — Hi^\w) + H^\w) and Lemma 
|3]lead to (fv{w) — pu{w)/qu{w), where 

p,{w) - (_i)e2i(--^(-+l)-^-)(l + T^2,lA^)) + i(l + V2,2Aw)) 

„ 3 r 2i(.„-i(.+i).-i.)(^ ^ vi,i..H) + (1 + ^i.2..H) 

W I ' ■ . 
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and 

q,{w) = - rie2i(--^(-+i)-^-)(i + r^o.iAw)) - i(l + m.2A^)) 
w I J 

_g2i(«,-i(.+i).-i.)(^ + mx.H) + (1 + m,2,.H). 

Since 1^9,^(2: + ib) tends to i as 6 — 00 and the convergence is uniform with re- 
spect to a: G K, it fohows that (p,y{'w) is bounded on {a; + ib\x G [0, a]} if 6 is large 
enough. An analogous argument shows that ^p^{w) is bounded on the segment 
{x — ib\x g [0, a]}. It remains to prove that ipu{w) is bounded in the case when 
w G {a + iy\y E [—6, 6]} . In this case we put a = am = 2nnT + ^{i' + 1) + jTt and 
we get 



lim 



p^{2rmT + + 1) + Itt + iy) _ i(l + e-^y) 



m^oo g,^(2m7r + + 1) + Itt + iy) 1 + e-'^v 
and thus it follows that ip^{'w) is bounded on the segment {a + iy\y G [—6, b]} , if 
is large enough. Consequently (fu{w) is bounded on the perimeter of the rectangle 
U if 6 and a™ tend to infinity. Thus it follows that 

1 /■ z wJ^+2{w) - iJu+i{w) 

lim ■— ■ / r — r r dw = (J, 

6-^00 27ri Ju '^{w — z) Ji,(w) — wJij^i[w) 



which implies that (|2.4I) is indeed valid. □ 

3. Proofs of the Main Results 

Proof of Theorem [TJ Observe that 

zflJjz) _ zJ'Jjz) (I \ zJ'Az) 

fliz) J'Az) J Mz)- 

Now, recall the following infinite product representations jOLBCl p. 235] 
TT^ .'..^_(H^"tT^ 



n>l 



where jv,n and „ are the nth positive roots of and J^, respectively. Logarithmic 
differentiation yields 

zJl{z)_^, 2z^ zJ'liz) ^ 2z2 



Jv{z) ^^^^ jv,n z"^ J'v^z) n>\-^'^^' 



which implies that 



^^z_ri{z^^^ (\__^^ 2z^ ^ 2.2 



Now, suppose that v G (0, 1]. By using the inequality (12. 3p . for aU z G D(0, we 
obtain the inequality 

zf''(z)\ (\ \ V- 2r2 ^ 2r2 



where |z| = r. Moreover, observe that if we use the inequality ()2.ip then we get 
that the above inequality is also valid when v > 1. Here we used that the zeros j^^n 
and jl „ interlace according to the inequalities 

< < < j'2 < >,2 < jl,3 < ■ ■■ 
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Now, the above deduced inequality implies for r e (0, jX.i) 

f f zf!!{z)\] rf''(r) 
inf Re 1 + -j^ = 1 + ^TTT- 

On the other hand, the function Ui, : {0,jl i) —?' M., defined by 
is strictly decreasing since 



for > and r £ {0,jl,i)- Here we used again that the zeros ji,^n and „ interlace 
and for all n G {1, 2, . . . }, > and r < jv^ijl i we have that 

•2 /■/2 _ 2N2 ■/2 / ^ _ 2N2 

Observe also that Xvca.^'-^QUyir) = 1 > a and lirur/'j' ^ ^1/(7") = —00, which means 
that for z E D(0,ri) we have 

if and only if ri is the unique root of 

situated in {0,jl i). □ 

Proof of Theorem [2l Observe that 

_ g:;(z) ^ K'^ - 1) J„(z) + 2(1 - i^)zJl{z) + zJj'Jjz) 

%Uz) {1 - iy).Mz) + zj;,{z) 

The recurrence formulae zJ[,{z) ~ uJiy{z) — zJ^^i{z) implies 

^^ g'ljz) _ _^ zJ^+2{z) - 3J^+i(z) 

g'Az) Jy{z) - zj^+i{z) 

and using (12.41) it follows that 

Application of the inequality (j2.3l) implies that 



where \z\ — r. Thus, for r e (0, a^,i) we get 
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The function Vi, : (0, a,j.i) — >■ M, defined by 



1 + 




is strictly decreasing and 



r\0 



lim v^{r) = 1, 



lim Vi, (r) 



= — oo. 



Consequently, the equation 



1 + 




a 



has a unique root r2 in (0, aj/^i), and this equation is equivalent to (|1.2[) . In other 
words, we have 



Finally, let us recall that (see |Wal p. 597]) when p+v > and > — 1 the so-called 
Dini function z i— > zJl(z) + pj^{z) has only real zeros and according to Ismail and 
Muldoon [IM, p. 11] we know that the smallest positive zero of the above function 
is less than j'^^i . This in turn implies that a^.i < which completes the proof. □ 
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